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Abstract 

It is pointed out that the phase convention of the CKM matrix V affects 
texture analysis of the quark mass matrices {Mu, Mf) when we try to de¬ 
scribe {Mu, Mf) by the observable quantities (quark masses and CKM ma¬ 
trix parameters) only. This is demonstrated for a case of the non-Hermitian 
Fritzsch-type mass matrix {Mu, Md), which is a general expression of quark 
mass matrix {Mu, Md) and is described by twelve parameters. We hnd that 
we can always choose a phase convention of V which yields Mu 32 = 0, so 
that the remaining ten parameters in {Mu, Md) can completely be expressed 
by the ten observable quantities. 
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It is well-known that in a three-family model, quark mass matrices {Mu-, M^) are, 
in general, described by 36 parameters, while the number of the observable quantities 
is ten, i.e., six quark masses and four Cabibbo-Kobayashi-Maskawa (CKM) [1] matrix 
parameters. Once we give the quark mass matrices {Mu,Md), we can uniquely obtain 
the masses {Du, D^) and CKM matrix V from 

UlMuD"^ = Du = diag{mu, rric, mt) , 

UlMdU'^ = Dd = diag{md,ms,mb) , 

1/ = UlUf! , (2) 

except for the degree of freedom of the rephasing of V (phase convention of V). Looking 
for a clue to unihed understanding of the quarks and leptons, so far, many mass matrix 
models have been proposed. 

On the other hand, in order to obtain a hint on such a unihed mass matrix 
model, it has been tried [2,3] to describe the mass matrices {Mu, Md) by the observable 
quantities {Du, Dd) and V, without including any additional parameters. However, 
such the inverse procedure {Du, Dd; V) {Mu, Md) is not unique. Only when we 
choose a special quark basis, we can describe (M„, Md) by the observable quantities 
{Du, Dd', V) only. Hereafter, let us call such a quark basis as the “minimal parameter” 
basis. It is well-known [2] that the quark basis on which up-quark mass matrix Mu is 
diagonal is an example of the minimal parameter basis: 

= A/„A/t = £„ = Dl , 

Hi = MiM'i = Hi= VDlV* . ^ 

To know the explicit form of the mass matrixes {Mu, Md) in a minimal parameter basis 
will offer a useful hint on the realistic model-building of quark mass matrix. At present, 
it is not so well-known what any other minimal parameter basis there is. 

Recently, there has been considerable interest [4,5] in the non-Hermitian Fritzsch- 
type quark mass matrix, i.e., the quark mass matrix with nearest-neighbor interactions 
(NNI) form, because of its simple form and generality. The model is described by twelve 
parameters as stated later. In the present paper, it is pointed out that the demand 
of the minimal parameter basis for the NNI-form mass matrices {Mu,Md) uniquely 
leads to {Mu )32 = 0, so that (M„, Md) is described by ten parameters. It should be 
noticed that {Mu )32 = 0 is obtained by choosing a special phase convention of V. This 
conclusion might be felt somewhat strange, because the degree of freedom of the phase 


0 



convention of V conies from that of the rephasing of the physical (mass-eigenstate) 
quark helds {ui,di) {i = 1,2,3). It is well-known that the rephasing of the physical 
quarks is independent of the quark mass matrix structure (Mu, M^), and cannot change 
the structure {Mu,Md). The purpose of the present paper is to point out that in the 
inverse procedure {Du, Dd;V) — > {MujMd), the rephasing of V affects the textures 
of {Mu,Md), so that we must take notice of the phase convention of V, although 
the procedure (Mu, M^) — {Du, Dd, V) is unique (except for the phase convention of 
V). We demonstrate it for the NNI mass matrices {Mu,Md), and we discuss why the 
rephasing of V affects the textures of {Mu,Md). (We will find that the “rephasing” 
of V in (3) is tacitly accompanied with the “re-basing” of the quark helds (m° , d®) 
which are eigenstates of weak interactions.) The notice which is given for the NNI 
mass matrix (Mu, Md) will also be useful for general texture analysis [6] of the mass 
matrices {Mu,Md). 

The NNI mass matrix Mg has the following structure: 

Mg = P{5lWgP^{6%) , {q = u,d), (4) 

P((5) = diag(e*'^^e*^^e*'^3) , (5) 


Mg 


( 0 cl 0 \ 

cl 0 bl 

V 0 hi ttq ) 


( 6 ) 


where ag, hi, hi, cl and cl are real parameters. (Hereafter, we denote a matrix M 
which consists of real elements as M.) The form has hrst been suggested by Fritzsch 
[7], and then it has been pointed out by Branco, Lavoura and Mota [8] that any 
mass matrix (Mu, Md) can, without losing generality, be transformed into a NNI form 
{Mu, Md). Harayama and Okamura [5] have given the exact expression of the NNI- 
form mass matrix which is described in terms of the ten observable quantities and 
two “implicit” parameters, and have exhibited some special cases of the texture zeros. 
In the present paper, we will point out that the two “implicit” parameters in the 
expression by Harayama and Okamura play a role of hxing the phase convention of V. 

In general, the ten observable quantities are obtained by diagonalizing the Her- 


mitian matrix 




Hg = MgMl 

( 7 ) 

as follows: 




Dg = diag(m?, ml, ml) = UgHgUl . 

(8) 



For the mass matrix with NNI form, those are given by 


( 9 ) 

( 10 ) 


1 / = R,P(,Si - Sl)Rl , 

where Hq = MqM ^, and Rq are orthogonal transformation matrices. Of the three 
phases 5 Li = Sfi — (52 j, the observable quantities are only two. Therefore, the mass 
matrix with NNI form, {M^, M^), has, in general, twelve parameters (5 + 5 + 2). 

In the present paper, inversely, we try to express the NNI form (Mu, Md) by 
the observable quantities only. At present, we know rough values of nine observable 
quantities (six quark masses and three CKM parameters) except for CP violating 
phase 6 (S is dehned by I4b = in the standard parametrization of V [9]). 

Therefore, one of our interests is to see the (5-dependency of each matrix element Mqij. 
It is well known that the CKM matrix V has the degree of freedom of rephasing, i.e., 
V = P{a)VP^{P) is physically equivalent to V. In the present paper, we will conclude 
that the textures of (M^, Md) are dependent on the phase convention of V, and, for 
example, we can always take a phase convention of V which yields Mu 32 = 0. In 
such the phase convention, and Md have four and hve parameters, respectively, in 
addition to a relative phase parameter p of Mu to Md, so that the ten parameters in 
(Mu, Md) are sufficient to £x the ten observable quantities. The magnitudes of Mdij 
can approximately be fixed by three down-quark masses {md, mg, mb) and three CKM 
matrix parameters (|I4s|, \Vcb\, |Kife|), because they are insensitive to the value of CP 
violating phase 5. 

From (4), we obtain 


Hq = P{6l)HqP{-Sl) 

5 

(11) 

( cf 0 

Hq = MqM\ = Q hf+ cf 

by, \ 


ay, 

(12) 

V blc\ ttqbl 

+ bf y 



Therefore, if we know a matrix {Hu, Hd) in which Pui 2 = Pdi 2 = 0, we can obtain the 
NNI form (Mu, Md) from the relations 



A 



bi 





&2 


H 23 


Cl 



C2 


detH 


\ HuHss - H 


.2 ’ 

31 


( 13 ) 


where, for simplicity, we have omitted the index q. 

On the other hand, if we choose a specihc quark basis [2] in which Hu is diagonal, 
the Hermitian matrix {Hu, Hd) = {Hu, Hd) is given by (3). Since {Hu, Hd) has the 
degree of freedom of the rephasing, each (f)ij = aigHdij is not observable quantity, but 

0 = 012 + 023 + 031 • ( 14 ) 

The ten observable quantities are given by three parameters in Hu = -D^, six pa¬ 
rameters in Hd and one phase parameter 0. Therefore, our task is to hnd a unitary 
transformation matrix U which satishes 


For four parameters in U, there are four conditions, i.e., {UHuU^)i 2 = {UHdU^)i 2 = 0, 
so that we can £x U when we fix the phase convention of V. In other words, the matrix 
[/ depends on the phase convention of V. 

Let us choose a phase convention of V in which 0i2 = 03i = 0. Then {Hu, Hd) 
is given by 


Hu = RHuR^ , 
Hd = RHdR^ , 


where R is an orthogonal matrix 


R 


I 1 0 0 \ 

0 c s 

\ 0 —s c / 


(17) 


c = cos 6* and s = sin6'. The condition Hdi 2 = 0 leads to 

3/0 = —Hdu/Hdsi . 


c; 


(18) 



Each element of is real, except for Ha23- The element Hd23 is given by 


Hd23 — , 


( 19 ) 


where 


tan^ = 


— 2 — 2 — ^ 
(Tfrfsi + ^di2)^d23 sin0 


i^dSl ~ H^^2)Hd23 COS 0 — {Hd33 — Hd22)HdUHd31 


Therefore, Hd is given by 


where 


and 


Hd = PHdP^ , 

P = diag(l,e*^l) , 

= Hdll , 

^ _ Hd 22 Hd 31 P Hd33 HdU ~ d23Hd31 cos ( 

n d.22 — - zrn - zrn - 


Hd33 — 


Hdl2 + Hd3i 


Hd22H^l2 + Pd33Hd31 + duHd23Hd31 COS i 
^2 ^2 
^dl2 + Hd3l 


Hdl2 — 0 , Hd3l — \J -Pdl2 + Hd3l 1 


Hd23 — 


H. 


HdiiHd22Hd33 - Hd22Hd3i “ mlmlml 


dll 


( 20 ) 


( 21 ) 

( 22 ) 


(23) 


On the other hand, = H^ is given by 

Hull = ml , Hu 22 = c^ml + s^ml , i ?„33 = s^ml + c^ml , 

Hu12 = Hu3i = 0 , Hu 23 = sc{ml - ml) . (24) 

From (20)-(24) and (13), we can obtain the exact form of {Mu, Md) expressed by the 
observable quantities only. 





In order to obtain the approximate form of (M„, M^), we use an approximate 
expression of the CKM matrix V, 


\p — (Te*‘ 




where A = \Vus\i p = \Vcb\ and a = \Vub\- Then, we obtain 

{VDjV^)ii ~ , 

{VDjV%2^P^rnl{l + yyx^) , 

(rD3rt)33 ^ m|, 

(rojrtjij ~ + !/), ^ ' 

333 33„2e« , 

where 

Xrris \ ml xm^ 

X = -, y = - 2 =-’ (27) 

a mb pa m^ p mb 

and we have used the observed relations p rsj 0(A2), a ~ O(A^), {msjmbf ~ O(A^) 
and {md/mbY ~ 0(A®). Since 0i2 — tan“^[—sin5/(|/ + cos5)], 023 — 0 and 03i ~ 5, 
we obtain 

- y sin (5 . , 


sm 0 ~ 


T + + 2y cos 6 


The parameter s = sin 0 in i? is given by 


s = sin 6* ~ —pJ 1 + y^ + 2y cos <5 . 


Then, Hdij are given by 


Hdii ~ a^ml{l + xY , Hd22 ^ x^ml , Hdz'i ^ ml . 


Hdi2 = 0 , Hd23 - x^msmb /Vl + x"^ , Hd3i - crml , 


so that we obtain 


0 mu 0 


Mu ~ me 0 smt 

\ 0 0 crrit 
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Md ~ 






Am, 


X 




0 Vl + x’^nib 


xm. 


X 


rUb 


(32) 


VTTa? / 


Note that every value of Hdij (and Mdij) is insensitive to the value of 5. The results 
(31) and (32), of course, satisfy the relations auCid^ = murricmt and a^cfc^ = mdmsmb, 
respectively, which come from detif^ = (detM^)^ = (agC^c^)^ = {mlmlmlY. Also note 
that the expressions (30) and (32) are valid in the the phase convention of V in which 
dxgiyD‘^V'^) i 2 = axgiyD‘\V^)^i = 0. Of course, the expression given by (31) and (32) 
is one of the solutions exhibited by Harayama and Okamura [5]. 

Thus, we obtain the NNI form 

(M„, Md) = {P{5 l)'M^P\5r), P{5L)PMdP\5R)) , (33) 

where the phase matrix P is dehned by (22) with 0 given by 


tan^ ~ 


sin (5 

(2 — A) cos 5 + y ’ 


(34) 


and 6Li and Sjn are unphysical phases and we may take Sli = Sm = 0. The four and 
hve parameters in Mu and Md, respectively, together with the phase parameter 0, are 
sufficient to fix the ten observable quantities, Du, Dd and V. 

We show the numerical results of (M„, Md) without the approximation (25), for 
the case S = n/2: 


Mu = 170GeV 


/ 0 0.000012 0 A 

0.0037 0 -0.0669 

VO 0 1 ) 

( 0 0.0081 0 


(35) 


Md = 2.52GeV 


0.0074 e*7 0 0.0666 e* 

0 0.5117 1 


0 = —38.0°, where we have used the GKM parameter values [10], \Vus\ = 0.2205, 
\Vcb\ = 0.0041, and iWfe/Wbl = 0.08, and the running quark mass values [11] at /i = 


s 



^Zi = 0.00222 GeV, rrid = 0.00442 GeV, rrig = 0.0847 GeV, rric = 0.661 GeV, 
rrib = 2.996 GeV and rrit = 180 GeV. Each value in (35), except for Mu 23 and <p, is 
insensitive to the value of the CP violating phase S. 

Although so far we have investigated the NNI form {Mu, Md) starting from the 
quark-family basis in which Mu is diagonal, we can also discuss the NNI form starting 
from a quark-family basis in which Md is diagonal. Then, we get a similar result 
Md 32 = 0. This means that Md 32 also depends on the phase convention of V. 

In conclusion, we have expressed the quark mass matrix {Mu, Md) with the NNI 
form in terms of the observable quantities as (33) with (31), (32) and (34). We have 
found that Mu 32 and Md 32 depend on the phase convention of V and we can always 
Mu 32 = 0 without changing any physical situation. Every is insensitive to the 

value of the CP violating phase parameter S, so that it can be hxed by the observed 
down-quark masses and GKM matrix parameters |I4s|, \Vcb\ and \Vub\ only. 

By the way, we know that the rephasing of physical quark fields {u^, d^), i.e.. 


ul u'l = P{S^)ul , 
dL^d'L = P{6^)dL , 


does not change the mass matrices {Hu,Hd) for the helds {u^,d^), although the “re¬ 
basing” of quark helds {u\,d\), i.e.. 


“L ^ “I = Au\ , 

dl ^ df = Adi , 

changes the mass matrices {Hu, Hd) as 

HI = AH^A> , 
= AHiA^ , 


(37) 


(38) 


where A is an arbitrary unitary matrix. Nevertheless, why have our results {Hu, Hd) 
depended on the “rephasing of V”? 

Exactly speaking, our rephasing V ^ V = P{a)V in (3) does not mean the 
rephasing of physical quark helds {uL,dL)- The transformation (36) and (37) corre¬ 
spond to 

Ul ^ C/r = P(S'‘)UIA' , 

Ut Uf = P(S‘‘)UlA* . 


Q 



For the case of H^) defined by (3), U1 and U'l are given by = 1 and U'l = V^. 
The “rephasing of V”, V ^ V' = P{a)V, in (3) means that 

ui = i ^ (7r = p(i“)v, 

Ul^V' Uf = P(S-‘)Vfp(a)Af , ' ’ 

SO that the phase matrix P{a) cannot be absorbed into the physical down-quark fields 
d^. Only when we take “re-basing” A = P{a), the transformation (40) is expressed as 


Ul = l ^ Ut = P(S'‘-a), 

Ui = V* ^ Ut = P(S'‘)V* , 

where P((5“ — a) and P{6‘^) can be absorbed into the physical quark helds ul and 
respectively. Thus, our “rephasing of V” in (3) has tacitly been accompanied with 
the “re-basing” of quark fields so that our results {Mu,Md) have depended 

on the “rephasing of V”. Note that such a problem does not appear when we discuss 
the observable quantities D^, Dd and V starting from a mass matrix {Mu,Md), but it 
appears only when we discuss the textures of {Mu, Md) starting from the observable 
quantities Du, Dd and V. 

The present problem which was demonstrated for the NNI mass matrix also 
appears in the general study of {Mu, Md) when we want to express {Mu, Md) in terms 
of the observable quantities Du, Dd and V. We would like to emphasize that we 
must take notice of the phase convention of V when we investigate [6] texture-zeros of 
{Mu,Md). 
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Note added: After completion of this paper, I have recieved an interesting 
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